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Definitions and Properties of the Integer Solution of a Linear System 


Let’s consider 


(1) yaad i=l,m 
j=l 





a linear system with all coefficients being integer numbers (the case with rational 
coefficients is reduced to the same). 


Definition 1. aa. j=l,n is a particular integer solution of (1) if 





n 
0 a On. ao 
x; EZ, j=1,n and > a,x; =b, i=1,m. 
j=l 


Let’s consider the functions Í :Z' >Z, j= Ln, where h EN’. 


Definition 2. x, = f,(K,,....4,), J = Ln is the general integer solution for (1) if: 


(a) Xa, f(k- k,) =b, i=1,m, irrespective of k,,...k, €Z; 
j=1 


(b) Irrespective of x, = x, ey Ina particular integer solution of (1) there is 


(k°,... k?) €Zsuch that Fk, he) =x, j= l,n. (In other words the general solution 
that comprises all the other solutions.) 


Property 1. 

A general solution of a linear system of m equations with n unknowns, 
r(A)=m <n, is undetermined n-m -times. 

Proof: 

We assume by reduction ad absurdum that it is of order r, 1 <r <n-—m (the case 
r=0, i.e., when the solution is particular, is trivial). It follows that the general solution is 
of the form: 


X, =U, Pi +... +, pP, +Y 
(Si) 
X, =U, Pit- +U, P, +V, Up VieZ 
P, = parameters € Z 
We prove that the solution is undetermined n-m -times. 
The homogeneous linear system (1), resolved in r has the solution: 














D! D! 
x = yy tet x, 
D D 
m m 
1 
X= D Xa, toot D x, 
Let x, = ae i=1,n, bea particular solution of the linear system (1). 
Considering 
= D . kaai 
Xa > D i k, 
we obtain the solution 
x =D) akpa t+ Dik, +x) 
m 
= D” ack a te +D” +k, +x? 
X ny1 =D. kasi tari 
0 
x, = D-k, +x, k, = parameters € Z 


which depends on the n — m independent parameters, for the system (1). Let the solution 
be undetermined n-m -times: 


Xi = Cki ++ Cin-mKa-m +d 


n-m 


(S2) X, =Cy kK, HeH UpnmKn-m td, 


nn-m n-m 


c,, d, €Z, k, = parameters € Z 


(There are such solutions, we have proved it before.) Let the system be: 
Q,,X,+..+4,,%, =b; 


ap X H.+ AX, =D, 


man n 


x, =unknowns €Z, a, b EZ. 


i ij? 


I. The case b, =0, i= l,m results in a homogenous linear system: 


2 





AX; +..+;,X, =0; i=1,m. 


(So) > ap (caki +t Cin-mKn-m + di )+ -+ in (Cathey + + Cin n®n-m +d, Y= O 
0= (ancu Fi + a,c, hy +... + (aC +. +4, Con Minn + (ad, Ees +a,,d, ) 
Vk, €Z 

For k =...=k,_,, =0>a,d +... +a, d, =0. 

For k, =...=k,_, = kp =--=,_,, =0 and k,=1 > 


> (acn +.. +H ApC )+ (ana, Fix +a,d\” )= 0> 





Aj Cy, +-+ apC = 0, V i= l,m, Vh=1,n—m. 
The vectors 
gore 





Cah 
are the particular solutions of the system. 
V,, h=1,n—™m also linearly independent because the solution is undetermined 
n-m -times V,,...,V,_,, +d isa linear variety that includes the solutions of the system 


obtained from (S2). 
Similarly for (S1) we deduce that 


(U,.) 


U, =| ,s=Lr 


Ss 


U 


ns 


are particular solutions of the given system and are linearly independent, because (S;) is 
(Vv) 
undetermined n-m -times, and V =| | is a solution of the given system. 


y 


n 


Case (a) U,,...,U., V = linearly dependent, it follows that U,,...,U, is a free 


sub-module of order r <n-m of solutions of the given system, then, it follows that there 
are solutions that belong to V,,...,V, +d and which do not belong to U,,...,U 


>? n-m 


a 


f zd 


fact which contradicts the assumption that (S;) is the general solution. 
Case (b) U,,...,U.., V = linearly independent. 


U,,...U, +V isa linear variety that comprises the solutions of the given system, which 


were obtained from (S;). It follows that the solution belongs to V,,...,V,_,, +d and does 


n-m 


not belongto U... U, +V ,a fact which is a contradiction to the assumption that (S1) is 


the general solution. 
Il. When there is an i€¢1,m with b, + 0 then non-homogeneous linear system 
A,X, +..+4,x, = bj i=l,m 
(So) > Gy (Cuki +--+ Cin inKnn FA )+ -+ in (Crk H+ Ginn hrm +d, )= b, 
it follows that 
> (a,c, +.. .+4,C Cu )k Fa, + (aicn ob FG, Ca mn mn + Gnd, +..+a, d,)= b, 
For k =...=k,_,, =0 >a,d,+...+4,d, =b; 
For k =.= ka= ka =..=4,_,, =9 and k, =1> 


> AC, +-.4+4,C, + apd +..+4,,d, =b, it follows that 


in nj n n 





ACi H+ ApC =O — 
; Vi=lm, Vj=l,n-m. 
a,d,+..+4,,4,, =b, 


(c,,) 


V,=|: j| ,j=l,n-m, are linearly independent because the solution (S2) is 


Cy 
undetermined n-m -times. 


(d \ 
(?!) V,,j=1,n—m, and ab | 
d, 


are linearly independent. 
We assume that they are not linearly independent. It follows that 


[SC Foes +8, Cine | 
d=sV,+...+5, Vom = 
SiC Hoe H Sp mEn 
Irrespective of i= l,m: 
b =a,d,+...+4,d, =a, (5,¢,, +- + Sp nCin— „)+- +4, (s; Ca toe + Sp mEn we 
= (a, Ci Het Age Cn 5; +.. + (a, 1Cin-m + + AaCpn- mn Sim =0. 
Then, b, = 0, irrespective of i= l,m , contradicts the hypothesis (that there is an i elm, 
b, #0). It follows that V,,....V,_,,,d are linearly independent. 
V,,...V,, +d is a linear variety that contains the solutions of the non- 
homogeneous system, solutions obtained from (S2). Similarly it follows that 
G,,...G, +V is a linear variety containing the solutions of the non-homogeneous 


system, obtained from (S1). 
n-m>r it follows that there are solutions of the system that belong to 


“?!” means “to prove that” 


Vp.. V +d and which do not belong to G,,....G. +V , this contradicts the fact that 


19°°°? ° n-m 
(Sı) is the general solution. Then, it shows that the general solution depends on the n — m 
independent parameters. 


Theorem 1. The general solution of a non-homogeneous linear system is equal to 
the general solution of an associated linear system plus a particular solution of the non- 
homogeneous system. 

Proof: 

Let’s consider the homogeneous linear solution: 

aX +..4+4,,%, =0 


, (AX =0) 
Chi ++ a =O 
with the general solution: 
n-m +4, 


X = Ck +--+ Cin mK 


X, = CK, +--+ Cin mhn_-m +d, 


and 


= £20 
x =X, 


Xa = x) 
with the general solution a particular solution of the non-homogeneous linear system 
AX =b; 


X = Ck, ++ Cpm kita H 
Gy 
X, = Cp ki ++ Cin mam tdp + x 


is a solution of the non-homogeneous linear system. 


We note: 
[aay \ Ex (b, \ 
A=|: ea oa 


a x b 


mi*** “mn n m 


II 
oO ee = 
Se 


(vector of dimension m ), 


(k, \ (ij Gig (d, \ 
a laa la lag 
Keni Cryer Crn—m d, 


AX = A(Ck+d+x°)=A(Ck+d)+AX° =b+0=b 
We will prove that irrespective of 


ie 


l 
0 
Xn 


[oS 


0 
xX, =), 


Xy =Y, 
there is a particular solution of the non-homogeneous system 


k =k’ eZ 


with the property: 


0 0 0 0 
X = Caki +-..+¢,,K, m td tA =), 
X, =C k? toe pK a td eae 


an) 


We note | Í 
0 
Vn 


We’ll prove that those k? €Z, j=1,n—m are those for which A(CX® +d)= 0 
(there are such xX? EZ because 


x, =0 


Xa = 0 
is a particular solution of the homogeneous linear system and X = CK +d is a general 
solution of the non-homogeneous linear system) 
A CK” +d+X°-Y° =A CK’ +d +AX°-AY° =0+b-b=0 . 


Property 2 The general solution of the homogeneous linear system can be written 
under the form: 


(SG) 
Xi = Cak + + Cig inne 
(2) : 
X, = Cak hee hes, 
k, is a parameter that belongs to Z (with d, =d, =...=d, =0). 
Poof: 


(SG) = general solution. It results that (SG) is undetermined (n — m) -times. 
Let’s consider that (SG) is of the form 


x; = CHP +. + Cin—-mPn—m + d, 
(3) 
Xa = CPi t.e + Crn—-mPn—m + d, 


with not all d, = 0 ; we’ll prove that it can be written under the form (2); the system has 
the trivial solution 


x =0 eZ 
x,=0 EZ 
it results that there are p, €Z, j=1,n-m, 


X, = CD) +--+ CnaP n d =0 
(4) 

X, =Cy Pe +e + Cop Pom +d, =0 
Substituting p, =k, +p), j =Ln—m in (3) 


k, €Z 
>p, EZ, 
p; €Z pi 


P; EZ i 
pez >k, =p,-p,; €Z 
j 


which means that that they do not make any restrictions. 
It results that 


0 0 
X = cki t.t Ginen Kam gn CPi Hot Cin-mPn—m + d,) 


0 0 
Xn = Cah +... + Ete, Fame + (enpi +H. + Canon nam + d,) 
But 


CaP? +-+ Cp nP n +d, =0, A= l,n (from (4). 
Then the general solution is of the form: 


X = CK, +o + Cip_ mK 


n-m. 


X, = Ck +--+ Con mi, 


nn-m n-m 


k, = parameters €Z, j=1,n—m ; it results that d, = d, =... =d, =0. 


n 


Theorem 2. Let’s consider the homogeneous linear system: 
aX +... +a, X, =0 


> 


ap X Hayek. = 0 


man n 


r(A)=m, (Gyre Qin )= 1, h=1,m and the general solution 
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X = CK, +--+ Cig mK 


n-m 


X, =C 


n nl 


ki t.t Can mK 


nn-m n-m 


then 


Anya eres Ahi-19 higi Uy Cii»: C 


irrespective of h = l,m and i= Ln ; 
Proof: 
Let’s consider some arbitrary h €1,m and some arbitrary i €1,n; 


AX F- FAX Fap 


aa He + Ap X, = AX- 


Because 





Anise Unis Ahio eeo Ann (Ani 


it results that 





d= Amo: Ahi- Ahit Ann Xi 


i 


irrespective of the value of x, in the vector of particular solutions. 
For k, = k, =...= k,_„=0 and k =1 we obtain the particular solution: 


X% = Ci 


X; = Cj >d |c; 


Xa = Cn 
For k, =k, =..=k,_,,=9 and k _„=1l it results the following particular 
solution: 
X = Cin-m 
x; = Cin-m => d | Cin—m > 
x, = Cun—m 
hence 
d|c;, j=1,n -m => d| (c1-56) 
Theorem 3. 
If 


X = CK, +--+ Cig mK 


n-m 


X, = Ck +--+ Can mK, 


nn-m n-m 


k, = parameters €Z, c, €Z being given, is the general solution of the homogeneous 
linear system 
aXe k= 0 
, r(A)=m<n 


GX) Fact a, x =0 


mn” n 





then Cals =], Vi=ln—-m. 


Proof: 


We assume, by reduction ad absurdum, that there is j el,n—m: c aon 





ee. 
> “njo 

we consider the maximal co-divisor > 0; we reduce to the case when the maximal co- 
divisor is —d to the case when it is equal to d (non restrictive hypothesis); then the 
general solution can be written under the form: 


x = ck tte dK, ++ Cin mk 


n-m 


(5) 
xX, = Cki eer cp dk, Sa oR ee 
where d= 6, 4.64 > Cy, =d-c, and Cite =] 
We prove that 
= Ci 
Xn a Oy 


is a particular solution of the homogeneous linear system. 
We’ll note: 


x=C-k the general solution. 
N | 
We know that 4X =0 => A(CK)=0, A=]: 
ae 
We assume that the principal variables are x,,...,x,, (if not, we have to renumber). 
It follows that x 
For k,=..=k, , =k, =--=k,,,=0 and k =1 we obtain a particular 


Jotl 


x,, are the secondary variables. 


m+12***9 


solution of the system 


Lio X= Cj 
>0=A): =d-Al/: >All: =0> 


x =¢,,d (c,d) (ene | le 


Xn, = Cd Cpp d Crio Crio x, = Crio 


is the particular solution of the system. 
We’ll prove that this particular solution cannot be obtained by 





Hy = Cuk +t dk, H+ Cin m®kn em = Cry 
(6) 
Ky HO hy tet Cy AK, bone t Cin ig hn im = Cri 
Xing z CmyKı F.t Cn ik , FoF Ci Nees = C41 jo 
(7) 
Xn = Caki +e +O AR, HoH Can mh nm = nj 
Cnt i Cmaj baad C asin 
0. 
C C; C 
h,1 nj n,n-m 
> k = =—¢Z, 
Ctl Crust jg £ C ehhem 
0. 
Cras | nih. Ae site Mien 


(because d #1). 
It is important to point out the fact that those k, = k? , j=1,n— m , that satisfy the 


system (7) also satisfy the system (6), because, otherwise (6) would not satisfy the 
definition of the solution of a linear system of equations (i.e., considering the system (7) 
the hypothesis was not restrictive). From X, €Z follows that (6) is not the general 


solution of the homogeneous linear system contrary to the hypothesis), then 
Crome =1, irrespective of j =l,n-m. 


ny 





Property 3. Let’s consider the linear system 
aX +...+4,,X, = b 


Dnt X +-+ AX, = 5, 


mn” n 


a;b; EZ, r(A)=m <n, x= unknowns €Z 


Resolved in P , we obtain 
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xX =f ease.) 
; , X,,...,X,, are the main variables, 
bs IC C650) 
where f are linear functions of the form: 
i i 
Je Chaat hear eS 
i d > 


L 





where chp dp & EZ; i=l,m,j=l,n—m. 





e, ; : ne res : : : 

If a €Z irrespective of i=1,m then the linear system has integer solution. 
Proof: 

For 1<i<m, x, €Z, then f, €Z. Let’s consider 


Xx 


k 


u m+1 


m+1 — “m+1 


-AN 1 e 
x= Vinet® met +... + Vk, Er 
1 


e 
m m 
Xm > Vine Tet Va k, + = 
m 
a solution, where u,„, is the maximal co-divisor of the denominators of the fractions 
c 
my i=1,m, j=1,n-—m calculated after their complete simplification. 
d 


i 








i 
i Cm+jUm+j 


Vaj = E EZ is a solution undetermined (n — m) -times which depends on 


i 


n-—m independent parameters Un hex k,) but is not a general solution. 


Property 4. Under the conditions of property 3, if there is an 


i Elm: f =Up x ge cee et + with u,, EZ, j=1,n—m, and fu 27, then the 
ig ig 
system does not have integer solution. 
Proof: 


VXn oX, in Z, it results that x, €Z. 
Theorem 4. Let’s consider the linear system 
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@,,X%,+..+4,,x, =b, 


BiniX1 H.+ AX, = 0, 


a;b; EZ, x,= unknowns €Z, r(A)=m <n. If there are indices 1<i, <...<i,, <n, 


ij? 
i, € 1,2,..n , h= l,m , with the property: 


a; = Ai 


lm 


A=; : +0 and 


Ay =|: ; is divided by A 


AG =i: : 2 | is divided by A 


a... b 


mi mi, Pm 
then the system has integer number solutions. 
Proof: 
We use property 3 

d, = A, i=1,m; e, = Ax,» h=1,m 


Note 1. It is not true in the reverse case. 


Consequence 1. Any homogeneous linear system has integer number solutions 
(besides the trivial one); r(4)=m <n. 
Proof: 


A, =0:A, irrespective of h=1,m. 


th 


Consequence 2. If A = +1, it follows that the linear system has integer number 


solutions. 
Proof: 


Ay, : (+1), irrespective of h=1,m; 


Ay, EZ. 


12 


